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. Abstract 

The problem on the asymptotics for the solution of multidimensional nonlinear Boussinesq equation 
with respect to a small parameter e is considered. The asymptotic expansion of the solution of 
this problem with respect to e ^ for long times t ~ 0{e~^) is constructed and justified. The 
leading terms of the asymptotic solution are defined from the multidimensional nonlinear Schrodinger 
equation and from the linear homogeneous wave equation. 
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1 Introduction 



> 

• In this work the problem on the asymptotic reduction in multidimensional waves is investigated where the 

I construction of the asymptotic solution reduces to the multidimensional nonlinear Schrodinger equation. 
' The problem on the asymptotics with respect to the small parameter e for the multidimensional 

I nonlinear Boussinesq equation is considered: 



dfu- A^yu + iy[dt + dl]u + div g{Vu) = 0, x G R , y G M , i > 0, (1) 



^ . Here V = (9., V^), V,:, ^ {dy„ . . . , dyj, Ay = V^, A,^ = 9^ + a Qf = Qf + , , , + Qi div g =< 

V • g >, — const > 0. The initial conditions are taken as a combination of plane waves with small 
i amplitudes: 



u 

Ut 



fe=0,±l 



and deformed by slow variables: 



Afe = 



ipk 



{sx,ey), A^=A_fe, Vo = 0. 



Their components are considered as functions which decrease fast at infinity: 

^k,Mtri)^Om\ + \fj\)-^), |e| + b7l^«3, ViV>0, Vfc. (3) 

The purpose of this work is the construction and justification of asymptotic expansion of the solu- 
tion u{x,y,t,e) of the Cauchy problem as e 0, imiformly on a long-time interval < < < 
V(x,y)eM". 

The main result is the following. The determination of leading terms of the asymptotic solution of 
the problem is reduced to the solution of the Cauchy problems for the multidimensional nonlinear 

Schrodinger equation (NLS): 

idew + ad^w + SAfjW + jw\w\'^ ^ 0, 9 > 0, (4) 

w{a,f],e)ig^o ^ wo{cr,Tj), (a,f]) eR'\ (5) 
and for the linear homogeneous wave equation: 

a20-A^^0 = O, r>0; ^^^^o^Mtv), 9r0|r=o = 0, (6) 

The formal constructions of the asymptotic solution of the Cauchy problem (^-(||) are obtained here 
without any essential restrictions of the input data. We only suppose that the components of vector 

^This work was partially supported by Russian Fund of Basic Research (grants 96-15-96241, 97-01-00459) 
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function g are decomposed into the asymptotic Taylor serieses as |d| + |w I ^ (f e M, we R"" ) with 
specific quadratic terms: ^ 

/ -\ 0,2 2 I 3,0 3 I 2,1 2 , 1,2 2 , 0,3 3 , • i /^\ 

It is worth noting that in case of general nonlinearity the formal constructions reduce to the Davey- 
Stewartson type systems of equations ||] . 

Justification of the asymptotic expansion will be carried out under the side conditions which are 
connected with the proof of solvability of the input problem. One of the requirements is the absence of 
the part of the cubic terms in expansion (^: 

g|'" = 0, j^X^. (8) 

For the two-dimensional case {n = 2) the formal asymptotic reductions to the NLS and Davey- 
Stewartson type systems of equations are known from |[ ^ . Justification of these asymptoticses for 
multidimensional problems was obtained only by few authors. For example, justification of reduction 
to the "shallow water" equations for 2+1-dimensional surface waves in a class of analytical functions is 
obtained in j^; justification of reduction to the Kadomtsev-Petviashvili equation is reduced in 

In the present work we justify the asymptotic reduction to the multidimensional NLS. The main 
mathematical result consists of solvability of the input problem and evaluations of the residual of the 
asymptotic expansion. The obtained result gives the exact sense of asymptotic reduction to the multidi- 
mensional NLS. It is worth mentioning that here we use the ideas and sentences expressed in [0, 

The problem (||)-(|) is considered as a simplest example where the construction of asymptotic solution 
reduces to the multidimensional NLS. Similar results may be obtained and for the more complicated 
equations of type (0), generally, for pseudodifferential ones. 

Here we shall be limited to reviewing of the equation (|l|) for revealing basic singularities of the 
construction and justification of the asymptotic expansion in multidimensional problems. 

Theorem 1. Let's suppose the Junctions gj{\7u), j — l,n are analytical in neighbourhood of zero so 
Taylor serieses Q), converge at |Vw| < M. Initial functions (pk,4'k{£,,'il), k = 0, ±1 satisfy to (Qj. 
Let them he analytical in layer S{f3Q) — {|/m^|, \Imri2\, . . . , |/m77„| < (3o} (/3o — const > 0). Then there 
are the values eQ,T > 0, /? S (0,/3o) : Ve G (0, £0) the Cauchy problem Q)^^ has a unique solution 
u{x,y,t,e) in il{T) — {{x,y) G M ,0 <t < Te^^} which is analytical in layer S{(3). This solution has 
the following asymptotics: 

fe=±l w=±cj(fc) 



f = ex, T] = sy, T = et, 9 = e'^t, a = — uj t, Lo{k) = fc-\/l + t^fc^, 

uniformly in ^{T). The complex amplitudes w — Wk^u> or^ the solutions of the Cauchy problem 
for the nonlinear Schrodinger equations with constants: a — uj 72, l/(2t^), 7 = Sgf- /{2uj) and with 
initial value: wo = \/2ipk + i5i]-)k- The amplitude of zero harmonic 4> = vq is defined from the Cauchy 
problem ^) for the homogeneous wave equation. 

The functions ^^^^^(ct, ^, 0) represent slowly deformed (in a scale = e^t) amplitudes of wave packets 
travelling with group velocity lo in characteristic directions x — lo t — const. These amplitudes are 
modulated both in longitudinal [a — e{x — uj t)) and in cross (77 = ey) directions. 



2 The formal constructions 

For the formal construction of the asymptotic solution of the problem (|^)-(^) we shall use the method 
of multiply scale 0|. For this purpose we use the above entered slow variables ^,77, r, 0. We shall search 
for a solution in the form of u{x, y, t, e) = v{x, ^, fj, t, r, 0, e). Taking into account the fact that derivatives 
will be transformed by the rules: 

dtu = dfV + edrV + e^dgv = Dtv, 
dxU = dxV + ed^v = D^v, 

■^Here summation is conducted along coinciding indexes 
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we shall obtain the following equation for v: 

[d^ - dl + iydt]v + 2e[dtdr~d,d^ + 2udld^]v 



with the initial conditions: 



+ 2e^[drde + 2vd^dl]v + e^[dl 
+ D^giiDj^v, eWfjv) + e < Vf^ • g{D^v, eWfjv) 



V 

Dtv 



(9) 
(10) 



= e Afc(e,^)e^'^ 
\t=T=e=o k=o.±i 

The formal asymptotic solution (FAS) of the Cauchy problem (p|)-(p^) is called a segment of series 



e^e" w (x,t,C,?7,T, 9), 

n=0 



(11) 



which, first of all, satisfies to equation (||) with exactitude 0{e'^) and to the initial values ( p^ with 
exactitude C'(e^) and, secondly, each consequent term of this segment is less than the previous one in an 
£ order, uniformly in the corresponding domain with respect to independent variables. 

By the method explained below we may construct any length of the series's segment (^l|), sequentially 
defining dependence of coefhcients of asymptotics in all temporal scales. Only three terms of this series are 

constructed here. It is enough for deriving the required residuals. The leading term v of the asymptotics 

is finally defined dependending on variables t, r, 6; the first correction v is completely defined in scales 

2 

t, T, the second correction v - in scale t. 

The coefficients v are constructed in the form of final Fourier sums: 



n \ - n 



ikx—iujt 



(12) 



k,uj 



where sign * denotes complex conjugate. The problem is reduced to defining the coefficients Vk^^j- 

Substituting serieses ([ri|)-(|l^ into the equation (||) and equating terms at identical degrees of pa- 
rameter e and identical indexes k,uj, we shall obtain the equations on Vk^uj- So, on the first step, at 
we obtain the homogeneous equations on v: 



vdt] v= 0. 



Dispersion relation is defined from here: 



fc2 - i^k^ = 0, 



whence cu = ±(jj(fc) = ±ky/l + i4?. The values k — 0,±1 are taken according to the initial data (10). 
Hence, we have the following representation for v: 



Vk.uj (C,»7,T, 



ikx—iiut 



k=±lL 



=±w(fc) 



The initial conditions (|T^ give values of the functions vq and Vk,^ at t = 6 = : 

1-0 0, , _, 

[Vk,u{k) + Vk-uj{k)\\r=8=0 = Vk(t.,V), 

-iuj{k) [Vk,uj(k) - 'Vk-uj{k)\\T=e=o^ ipk{S.,fi), fc = ±1. 
On the second step, equating expressions at e^, we shall obtain the inhomogeneous equation: 



(13) 



[d'i -dl + vdt] v= 2[dtdr ~ d^d^ + 2vdld^] V 



(14) 
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In order that solution v shouldn't have secular (growing at t — > oo) terms it is necessary to equate to 
zero the functions in right-hand side of (|lj) which are the solutions of the corresponding homogeneous 
equation. Whereas 

k=±l w=±w(fe) 



the right-hand side of (14) consists completely of solutions of the homogeneous equation. Therefore they 
should be excluded from the requirements: 

[dr+Lu'{k)d^]Vk^^^O, k=l, LU = ±Lu{k), ^eR,T>0. (15) 

These equations are trivial and allow in functions v^^uj, V/c ^ to define a structure of dependence from 
^, T (on the first slow scale) for all values t > : 

Vk,uj i£,,fi,T,9) = Wk,<^icrk,<^,fi,9), C7k,iJ = S, - T, k = 1, UJ = ±uj{k). 

Thus the number of independent variables is diminished in the coefhcients of the leading term of the 
asymptotics. The initial conditions ( p^ ) define functions w^^i^ at 9 = : 

Wk,uj{ok,uj,fi,9)\0^Q = i (^k + ^V'fe^ {crk,iu,v), k = l, UJ ^ ±u;{k). 

The values of these functions as well as the leading term of the asymptotics remain undefined from slow 
dependence on time 9 (in the second scale) . In order to define dependence on 9 it is necessary to analyze 
the next corrections of the asymptotic solution. 

After the carried out elemination of the secular terms first the correction satisfies to the equation: 

[d^ -dl + i^dt] v= 0. (16) 

The particular solution of the equation ( p^) is trivial: 0. 

The general solution of the equation ( |16[ ) is supplemented by the solution of the homogeneous one: 

i= E E itfi,r,9)e^''^~^-' 

k=±l,±2ij = ±uj{k) 

with undefined coefficients Vk^^j for the time being. 

The initial conditions (|lO|) in an order give initial values for these functions and also for dri'o: 
for k = 0: 

9rWo(C,^,T, 9)\r=e=o = 0; 

for k = ±1: 

["k.Loik) + ^k,~uj{k)]\T=e=0 ~ 0, 

. , . rl 1 , „ rO 

-tuj[k) [Vk,uj{k) - ''Jk,-ui{k)\\T=e=o = -OT[Vk,uj{k) + Vk,-ui{k)\\T=e=o', 

for k = ±2: 

+ ^k,-uj{k)]\T=e=a — 0, 

-iuj{k) [Vk^^(^k) - Wfe -c^(fe)]|r=0=O = 0. 



(17) 



(18) 



The amplitudes Vk^^{k) , k — 1,2, uj = ±u!{k), on this step remain undefined in dependence on t, 9 > 0. 
The amplitude of zero harmonic vq remains undefined too. The equations for them will be obtained on 
the following step. 

In an order we obtain a linear inhomogeneous equation: 

-[d^ -dl + iyd^ji = 2[dtdr - d^d^ + 2iyd^^d^] V + 

+ [dl - dl -Af, + 2dtdg + Qydldl] v + 

+ 5^°9.(aJ)^ (19) 
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from the right-hand side of which it is necessary to eUminate secular addends. The elemination of 

secularities reduces to the equations for amplitudes Vk^i^, k ~ 1, uj — ±uj{k) of the first correction in 
scale £,,T : 

-35^V,c.[hfc.c.|' + 2|wfe,_^P], fc = 1, = ±c^(fc). (20) 
On the same step we obtain the equations for the amplitude of zero harmonic of the leading term: 

a>o - Acri«o = 0. (21) 
We have obtained the initial conditions for wo on the previous steps, namely: 







Vo(C,?7) 


drVo 


|r=e=o 






(C,^y)e 



(22) 



So, on the first slow scale r the amplitudes of the leading term of the asymptotics are defined from 
the equations (|l5|), (|2l|). These equations are linear. Just this circumstance allows "to attain" up to long 
times t w e^"^ in formal solution. To guarantee the absence of secularities in first two orders of the formal 



solution we should analyze the equations (|2C|), (£l|) their solutions' boundedness at r — > oo. 

It is known in case of rapidly decreasing at infinity of the initial data (22), the solution of the Cauchy 
problem for two-dimensional (n = 2) wave equation (^ij) decreases at r ^ oo The result of the 
uniformly boundedness of the solution of the Cauchy problem (pTl)-(22) for the case of multidimensions 
will be represented in the following section. 

Let's pass to the equations (20). Analyzing their solutions we obtain the equations for 'Wk,u{'^k,u, V, 0) i'^k,i 
S,— uJT,k = l, UJ — ±LL}{k)). The right-hand side of the equations ( |20| ) contains the solutions of ho- 
mogeneous one as functions depending on cr = (Tk^ui = ^ — uj t. In order that solutions of inhomoge- 
neous equations ( [20| ) shouldn't contain secular terms we must eliminate the above mentioned functions. 
Equating to zero of expressions, depending on a — Uk.u reduces to nonlinear Schrodinger equations 
{k = l, U} = ±Lo{k)) : 



(23) 



So, in charcLct eristic directions g — (^k,u! 

— ^ — ijj T — const at 1^1 -f r ^ oo the amplitudes of the 
leading term of the formal solution are defined from (El]) and (|23|) . According to 



{{lo ) - 1 - Qvk^) _ 1 + Qvk^ [k 2vk^) 



3N2 



UJ 



UJ" 



d UJ 

&2 



the equation ( ^31 ) for w — Wk.Lu has the form: 

idgw + ad^w + SAf^w + ■-fw\w\^ 

where a = uj" /2, S = l/(2tj), 7 = 3gl'°/{2uj). The equation (|J 
deformation of the amplitudes of wave packages. 

The equation (E4) is supplemented by the initial condition: 



= 0, (24) 
describes the slow (in scale 9 = e^t) 



where wq = l/2ipk + iStpk- 



The solvability of the problem (24)-(|25|) in a class of functions decreasing at \a\ 



(25) 



can be 



proved similarly ||9|, |10| . This result will be represented in the next section. It guarantees decreasing on 
infinity with respect to ^,77 of the right-hand sides of the equations for Ufe,t^, k — 1, uj — ±uj{k) : 



2iuj[dr +UJ d^] Vk^u^ -6gl'°Wk^u\wk,~uj\^ 



(26) 

Eliminating from the right-hand side of (^^ of the solutions of the corresponding homogeneous equation 
at A: = 2, UJ — ±uj{k) we shall obtain the equations for Vk_^: 



2iuj[dT + UJ 9^] Vk,ui= 0, k — 2, UJ — ±uj{k). 



(27) 
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The equations (^6|), ( |27| ) are supplemented by initial conditions, which are obtained from (|l7|), ( |l8| ) 
accordingly: 



1 



1 

where ip± = =F 



1 



(e,fy), fc = ±l, 



±2, 



2w(fc) 



9r[°fe,(^(fe) + °A: -^u(fc)](C,'7,•^,^')|r=e=o■ 



The Cauchy problem (pTD, ( p9[ ) for f^.^^, k — 2, uj — ±Lu{k) has only a trivial solution 

The solution Vk^uj=Vk,uj (fj 
written out in an explicit form: 



(28) 
(29) 



The solution Vk^uj=Vk,uj (o'±, t, ^), fc = 1, oj = ±Lu{k) of (|2^ ) with the initial condition ( ^ is 



' (cr± ± 2Li; /i, 77, 6*)^/!, 



which is uniformly bounded with respect to r. 

The functions ffc,!^, A: = 1, 2, uj = ±u){k), are defined on this step with exactitude up to the solutions 
of the corresponding homogeneous equations (^6|), (^^. Dependence of these functions from the second 
slow scale 9 can be defined on the following steps. But it is not necessary for formal constructions which 
are given here. 

After the carried out elemination of the secular terms the second correction satisfies to the equation: 



k=±3 uj = ±Lo(l};±3uj{l) 

+ E E /fe,-(^,'7,T,0)e^'=--'-*, 

k=±l uj=±3uj(l) 



(30) 



where 



^(2 - k){wk,QYw^k,Gj, 

-kii{wk/z,u>f, 

~k^i{wk/z,u>fwk/z-u>, 



k = ±1, Lo — ±cj(l), UJ — 3w; 
k — ±3, UJ — ±w(l), UJ — 3(D; 
fc = ±3, w = ±w(l)- 



The particular solution of (|30| ) is constructed by Fourier method: 



2 

V = 



ikx—iut 



+ 



E [-cc' + fc' + ^^fc1"Vfc,c.(e,^,^,'^Je 

fc=±3 w=±w(l);±3w(l) 

+ E E [-^' + fc' + ^^fc1"Vfc,c.(e,^,T,0)e^'=^-^'^*. 

fe=±l i.j=±3tj(l) 

Thus we constructed three terms of FAS of the Cauchy problem (|l|)-(||) at e ^ for long times 
< i < 0(6"^), V(a;,y) G M". The amplitudes of the leading term of the asymptotics are taken from 
( p^ ) and (|2^) which are supplemented by the initial conditions (|5|) and ( p^ ) accordingly. 

As we mentioned before, the construction of FAS can be continued for deriving higher corrections 

q 

V, q > 3. Here we constructed three terms because it is sufficient for justification of the leading term of 
the asymptotic expansion. 



3 The investigation of standard problems 



It is known that the existence of the solution of the Cauchy problem for the multidimensional NLS in 
Sobolev spaces (M ") can be proved by different methods |l^ . However we can't obtain justification 
of the leading term of the asymptotics in _ff'*(M ). Here justification is obtained with severe constraints, 
namely, with analyticity of input data with respect to spatial variables. 

The results of this section of solvability of standard problems (|24|)-(^) and (|2l|)-(p^) represent the 
generalization of the Cauchy-Kovalevskoi theorem in Ovsyannikov's style 1 5| . 
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Definition 1. Here we introduce Banach spaces Vp.p of functions U{m,l) with the finite norm 
II U \\p= sup [(1 + |m| + |r|)Pe''(i+l™l+l'l)|C/(m, l)\V p > (n + 1), > 0; 

capital letters are used for Fourier-images: 



It is necessary to notice, that similar spaces with exponential weights in Fourier pre-images correspond 
to analytical functions in layer S{P) = {|/m^|, \Imr]2\, . . . , \Imr]n\ < P} ||]. 

The solution of the Cauchy problem (^l|)-(p2|) can be written out in an explicit form: 



wo(C,^,t) = (27r)-" / $o("i, I) cos(y'm2 + \l\2T)e'^"'^+<'^-''>Umdl. 



As a result we have the following 

Theorem 2. Let's suppose ifioiS,, fj) is the analytical function in layer S{Po) (/3o — const > 0); Fourier- 
image <I>o(m, f) € Vfs.p. Then the Cauchy problem ^]^)-^2^) has the analytical solution with respect to 
S,,fj in layer S{(3o) (/3o = const > 0) : Fourier-image belongs to Vp.p. 



In particular, we deduce from here that the solution of the Cauchy problem (21 )-(|22|) is uniformly 
bounded with respect to t. 

Similar statement is valid for the problem (p3)-(E5h: 



Theorem 3. Let's suppose (pk,'il'k{^TV)j ^ = '^'^c ^'^e analytical functions in layer S{(3o) (/3o = const > 
0); Fourier-images belong to Vp^p. There exist values 9q, (3 £ (0,/?o) : V S [O,0o] the Cauchy problem 
has a unique solution, which is analytical with respect to ^,7y in layer S{P): Fourier-image 
belongs to Vp.p. 

The proof is based on the Fourier transformation with respect to spatial variables ^, ry and completely 
similar to §, |l§. 

The analyticity of solution of ( ^ ) for the amplitudes of the first correction results from the analyticity 
of the right-hand side of this equation. However we will later need estimates of Fourier-images. Therefore 
the following statement will be useful: 

Lemma 1. Let's suppose the function u — u{S^,'rj,T), satisfies to the equation: 

[dr + Cd^]u = v{a+,fj)w{cr^,f]), cr±~S,TC''', ( ^ const. 
Then the following estimate is valid for Fourier-image U = U{m,l,T): 

II U \\p< Mo II lip • II lip, Mo = const > 0, y V,W G Vp^p. 



Proof. Fourier-image U = U(jn, Z, r) can be written out in an explicit form (sign * denotes convolution 
with respect to (m, I)) : 

U^Vi.(w^^^^^^) ^ I Vim-mul-li)W{mi,hf^^^^^dmidh. 

Let's divide this convolution integral by sum Ji and J2 with integration due to domains Qi = {|mi| > 
1, Ti e M" }, fl2 — {|™i| < 1, ^1 G M" } accordingly. In what follows we set for being brief: 
pimj) = (1 + |m| + |/"|)Pe'3(i+l™l+l'l). 

Using the norm of space P/j.p, we estimate integral Ji: 

|Ji| < ICr^ J \V{m-mi,l-h)\\Wimi,li)\dmidli< 
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<\C\'' \\V\\p\\W\\p / p-'{m-miJ-h)p-\miJi)dmidh< 



< MilCr' II y IIpII W \\p p-\mj), Mi = const > 0. 



Let's estimate integral J2: 



|J2|< / I V(m - mi J - ) 1 1 W^(mi , fi ) 1 1 ""'5^ \dmidh < 



< 



II V llpll lip / p-'im-mi,l-h)p-'{mi,h)\ 



sinmiCT 



02 



miC 



\dmidli < 



< A/2 II V llpll lip p-\m,l) [ "'"""^/^ dmi < 



< TrMslCr' II V llpll lip p-\mj), Ah = const > 0. 
The result of the obtained estimations is the validity of lemma ^ 

4 Justification of the asymptotics 

In this section we aim to justify an asymptotic expansion. We must prove that the constructed segment 
of series ( pi] ) gives an asymptotic expansion at e ^ for some solution of the input problem (^-(|2|) for 
long times < i < Ts''^. 

The proof of the theorem 1. Let's seek for the exact solution of the problem in the form of: 

u{x^ y, t, e) — ei) + e'^z{x, ^, fj, t, e), 

where the function v =v +e v v was constructed in section 2. 

Substituting this expansion into equations (^), ( p^ we shall obtain the following Cauchy problem for 
the function z{x,^,f],t,e) : 



(x,^,77,e). 



z 








\t=0 


Z2 



(31) 
(32) 



Here 

/ = /o + D.J^ +e<V.^-f >, / = (/2, . . . , /„), 
fo ^ fQ{x,£„Ti,t,e), fj ^ fj{zx,zs^,VfjZ,x,^,fj,t,e), j ^T~n; 
we select the known function: 

/o = 2[dtdr - d.,d^ + 2iydld^] V +[d^ + 2dtdg - A^,-; + 6iydldl]iv +e v)+ 

+2[drde + 2vd,dl]v + e[d^g + ud^ + 9|](t) - + el +e'' I) + gl°d^{l^f; 
and functions which depend on z: 

fi^gi{D^[v + ez],Vf^[v + ez])-gl'°{l^f + vdlvo- 

fj = 9j{Dx[v + ez],Vf^[v + £z]) + lyd^^Vo; j = 2~H.. 

In fact we should prove solvability and estimate of the solution of the nonlinear problem (|3l|)-(p^ for 
residual. Note that in this problem there is present one "superfluous" spatial variable ^. The relation with 
the input problem may be obtained at contraction = ex. A similar method (extension of dimensionality 
of the problem) separates periodicity with respect to x from smoothness with respect to ^ in solution. 
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The proof of solvability of the problem (^l|)-(^2|) is based on the Fourier transformation with respect to 
variables x, ^, fj. Thus we pass from the partial differential equation to the system of ordinary differential 
equations for the Fourier-image of residual Z{k, m, Z, t, e) : 



with the initial conditions 



z 




■ Zi ' 


dtZ 


\t=o 


. ^2 _ 



(k, m, I, e). 



(33) 
(34) 



Here = (fc + emY + £^|/p + v{k + em)^ + ve'^l^; I = (I2, ■ ■ ■ , In), = Z| + • • • + l^] capital letters are 
used for Fourier-images: 

The right-hand side F in ( |3^ consists of three addends: 

F = Fo(Aj "T-j I, e) +'i{k + em)Fi{kZ, mZ, IZ, k, m, Z, t, £) + 
+ie < I ■ F{kZ, 7nZ, IZ^ k, m, /, t, s) >, 

and contains various convolutions of functions kZ, mZ, IZ and some known ones. In what follows sign ★ 
denotes convolution with respect to (k,m,l). 

Solution Zq — Zo(fc, m, e) corresponding to the known right-hand side _Fo can be written out in 
an explicit form: 

[d^ + A2]Zo = e^Fo. (35) 
We choose the solution of ( p5| ) which satisfies to the following initial conditions: 

{k,m,l,e). (36) 

Let's seek for the solution of the problem (^)-([34|) in the form of: Z = H + Zq. Then we shall obtain 
the following Cauchy problem for H: 



Zo 




■ Zi ' 


dtZo 


|i=0 


. ^2 . 



[d^ + X^]H = i{k + em)Fi +ie<l-F>, 



(37) 
(38) 



The linear term with the factor in the left-hand side of (^) may be excluded by replacement of 
the function using fundamental solution of the corresponding homogeneous one, namely: 



H 




■ " 


dtH 


\t=o 






H{k, m, /, t, e) = Ae"'^* -I- Be'^\ 



iXt 



where A,B = A, B{k, m, I, t, e). 



If R 



" A ' 




■ G+ ' 


B 


, G = 


G- 



where — ^ 



{k + em)Fi + e <l- F > 



2A 



we obtain the following differential equation for vector function R: 



R, = £^G. 



The initial condition for (p9): 



R|t=o = 0. 

After all the problem (p9[)-(]4C|) is reduced to the integral equation for R(fc, m, I, t, e): 

t 

R(fc, m, r, i, e) = / G(fc, m, T, /i, R(fc, m, T, /x, e), e)(i/i. 



(39) 
(40) 

(41) 
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Here we use a scale of Banach spaces for the proof of the existence of solution, analogously [|[ ^ . 
Their elements are the functions with the band of analyticity P(t) > 0. This band is narrowed down in 
due course. The corresponding norms are defined through the Fourier-images with exponential weights. 

Definition 2. Here we introduce Banach spaces TCp.p of functions U{k,m,l) with the finite norm 



U 



sup 

k,mJ 



(1 



)Pg/3(l+|fc| + |m| + |r|)| 



\U(k,m,l)\ , p> {n + 2), f3 > 0. 



Lemma 2. The convolution operator is a bounded one in TLp.p : 

\\U*V\\p^p<Mo\\U\\0^p-\\V\\0^p, Mo = const>0, V U,Venp,p. 



Lemma 3. The convolution operator is a Lipschitzian one in Ti-p^p '■ VMi < oo 

II u*u -v*v \\p^p< 2MoMi II u-vy^p, 

V U,V: \\U\\0,p,\\V\\0,p<Ah. 

The proof of these statements may be obtained analogously p^ . 

The results of it are the boundedness and Lipschitzian of any degrees of convolution in 7i/3,p. We shall 
define a degree of convolution by relation {*U)^ = U, {*Uy = (★J7)^~^ -kU (j = 2, 3, . . .). 

Lemma 4. The degree of convolution is a bounded and Lipschitzian operator in "Hfj.p '■ VAfi < oo, Vj = 
1,2,... 

\\{*uyh.,p<Mf^\\uy^p- 
\\{^uy - {wywp.p < jiMoMiY'^wu - vy.^p-, 

V U,V : II ?7 ||/3,p, II V" ||/3,p< Ml, Mo = const >0. 

The proof is given by induction with respect to j. 

We introduce the space C{[0,Te~'^] x [0,eo];'Hp^p) of functions U{t,e) which are continuous with 
respect to (t, e) G [0, Te"^] x [0, Eq] with the finite norm: 

II U 11= sup sup II U y^p . 

te[0,T£-2] ee[0,£o] 



Lemma 5. The solution Zo(fc, m, /, <, e) of the Cauchy problem belongs to C([0, Te ^] x 

[0, eo]; ^/3,p) provided theorems^ and^. 

Proof. We can write out the solution of ordinary differential equations (|3^) with initial conditions 
( ^ ) in an explicit form, but here it is not necessary. It is worth mentioning, that the right-hand side 
of this equation contains Fourier-images constructed above FAS, hence, Fq € C([0,Te^-^] x [0, Eq]; '^/3,p)- 
As all addends in Fq have the form z{k, m, L, e) exp(ia;t) with w ^ 0, where z{k, m, L, e) € C([0, Te~^] x 
[0, eo]; '^/3,p)7 the solution ZQ{k,m,l,t, e) € C([0, Te"^] x [0, Eq]; '^/3,p)- Lemma || is proved. 

In what follows we introduce Banach spaces H^^p of vector functions R(fc,TO, l,t,e) with continuous 
components with respect to k, m,l, t, e and with exponential decreasing at infinity with respect to k, m, I. 
The norm in space H/3^p is defined as the sum of norms of the components of vector R in space "Hp^p'- 

II ll/3,P=ll ^ ll/3,P + II B \\p,p . 

Vector functions R(fc, m, I, t, e) G p, which are continuously depending with respect to t € [0, Te~^] , e S 
[0,eo] are considered in Banach space Cp = C([0, Te"^] x [0,eo];H^ p) with the norm: 

II R- llcp= sup II R(fc,t,m, /~ e) ||^_p . 

In what follows the index /3 — (3{9) will depend on 6* = e^t. 

The considered equations reduce to integration operator from (^l|), which contains both convolution 
degrees and exterior factors (fc-|-em)/(2A); elj/{2X), which are uniformly bounded (the majorant is 1/2). 
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Factors k, m, Ij coming from operators dx, d^, d^- are unbounded ones in H^^p. But they will be 
bounded from H^.p in H^.p_i. On the other hand, the integration operator 

t 

/[R] = £^ y R(fc, m, Z, /I, e)d/z 



is linear bounded from Cp_i in Cp with (3 ~ /3o — /3ie^i {Po^Pi — const > 0) on the functions continuously 
depending with respect to t, e. This integration operator has estimate analogously p^ : 

ll/[R]||c,</?rM|R||c,_,, V t<p^(3^'e-\ 

If now we choose a sufficiently large constant the composition /[(fc+m+^j)R] operator of multiplication 
with respect to (fc + m + Ij) with the integrated one will be the contractive operator in scale of spaces 

p on functions, continuously depending with respect to t, e. A similar situation is in case with general 
operator from Integrals in the right-hand side ( |4l| ) will be bounded and Lipschitzian operators in Cp. 
Therefore the integration operator from ( pl| ) is contractive in Cp with (3 = — Pis^t {PotPi = const > 0). 
This is what ensures a local solvability of integral equations ( pl| ) in Cp. Thus the upper bound of existence 
interval T < Pof3^^s~'^ is defined from the condition [3 = [3^ — f3is^t > (/3o,/3i = const > 0). Thus the 
leading term of the asymptotics in (|ll| ) is justified. Theorem |^ is proved. 

The author is grateful to L.A.Kalyakin for useful discussions. 
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